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This article describes a new framework for data reconciliation in generalized linear
dynamic systems, in which the well-known Kalman filter (KF) is inadequate for filter-
ing. In contrast to the classical formulation, the proposed framework is in a more con-
cise form but still remains the same filtering accuracy. This comes from the properties
of linear dynamic systems and the features of the linear equality constrained least
squares solution. Meanwhile, the statistical properties of the framework offer new
potentials for dynamic measurement bias detection and identification techniques. On
the basis of this new framework, a filtering formula is rederived directly and the gen-
eralized likelihood ratio method is modified for generalized linear dynamic systems.
Simulation studies of a material network present the effects of both the techniques and
emphatically demonstrate the characteristics of the identification approach. Moreover,
the new framework provides some insights about the connections between linear
dynamic data reconciliation, linear steady state data reconciliation, and KF. VVC 2009
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Introduction

Dynamic data reconciliation (DDR) is a process of esti-
mating variables on the basis of measurements and dynamic
material or energy balance constraints. DDR can provide
more reliable information about the current state of a pro-
cess. An implicit assumption in DDR is that measurement
errors are independent with time and normally distributed
with an expected value zero. However, the assumption is
nullified when process data contain measurement biases. A
measurement bias is made when a measurement of a variable
deviates far from its true value due to malfunction on a de-
vice or improper use of a device. It can be described as a
step function which has a large unknown magnitude.1 Mea-

surement biases seriously distort the results of DDR. Thus
before DDR is performed, the statistical properties of mea-
surement data should be checked to detect and identify mea-
surement biases. Both DDR and measurement bias identifica-
tion exploit the same information contained in measurements
and balance constraints.

Many studies have been conducted on linear dynamic data
reconciliation (LDDR) techniques. Some of the most widely
used techniques are rooted on Kalman filter (KF). These tech-
niques are well-developed for a class of linear dynamic sys-
tems. The deterministic part of these systems can be repre-
sented by a standard state space equation xkþ1 ¼ Axk þ Buk
where xk is an unknown vector at time instant k and uk is a vec-
tor representing known time varying parameters. As far as we
know, this system representation is restricted to two kinds of
situations. One is the nominal steady state condition (i.e., vari-
ation around nominal point) for the purpose of control. The
other is the quasi steady state process. In a quasi steady state
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process, variables hold in almost any time except for slow
drifts. Thus the matrices in the standard state space equation
can be described as A ¼ I, B ¼ 0. Stanly and Mah applied dis-
crete KF to estimate flows and temperatures in a heat
exchanger network which is in a quasi steady state.2

On the basis of the standard state space equation and KF,
Willsky and Jones first developed the generalized likelihood
ratios (GLR) method for identifying abrupt changes in the state
variables and measurements.3 Narasimhan and Mah made sev-
eral significant extensions to this method and proposed a gen-
eral framework for gross error detection (GED).1 In their frame-
work, once a gross error occurred, its effects on the innovation
(i.e., the discrepancy between actual measurements and priori
estimates) could be modeled by signature matrices at every
sampling time. Then the GLR method was adopted to identify
the location of the gross error as well as to estimate its magni-
tude. This framework was constructed under the assumption of
Gaussian white noise. When it came to serially correlated mea-
surement noise, Kao et al. applied autoregressive (AR) moving
average time series (ARMA) to model measurement noise.4

They adopted a prewhitening procedure before using the GLR
method. Prakash et al. integrated the GLR method with conven-
tional control and proposed a fault-tolerant control scheme.5

Although KF is elaborate and theoretical attractive, it inher-
ently supposes the self-correlated property of state variables. It
means that if KF is extended to obtain simultaneous state and
parameter estimates (The exact values of the parameters are
unknown but can be estimated from measurements and mod-
els), the parameter vector uk is often modeled as a random walk
process ukþ1 ¼ uk þ wk.

6,7 The covariance of wk should be man-
ually tuned and its inappropriate value will deteriorate the per-
formance of KF. In a chemical process, as the changes in some
parameters (e.g., flow variables in a material balance process
network) are never exactly known to the operator, it is hard to
decide the covariance of wk especially in the case of transient
processes. When a process is in a transient state (i.e., a period
of change from one steady state to a new steady state), parame-
ters change so dramatically (e.g., abrupt jumps) that there is not
any priori knowledge about the variations. Thus the random
walk model is inappropriate to describe the dynamic character-
istics of parameters. A more reliable method is to abandon the
random walk process assumption and only adopt models with
confidence for LDDR. In this situation, the standard state space
equations and KF-based methods are not applicable. Also, as a
LDDR strategy, KF is unable to include the linear steady state
data reconciliation (LSSDR) as the limit for steady state condi-
tions. A more detailed discussion about the self-correlated pa-
rameters model and KF can be seen in Almasy’s work.8

To solve the above general LDDR problem, researchers
extended the least squares principals of LSSDR for dynamic
systems. The basis of the new solution technique is the con-
cept ‘‘generalized linear dynamic model,’’ which was first
introduced to the field of data reconciliation by Darouach and
Zasadzinski.9 In their definition, the generalized dynamic
model (i.e., a singular model) refers to the model formulation
Dxkþ1 ¼ Bxk, which contains more state variables than con-
straints and cannot be written in a standard state space form
(i.e., matrix D is singular or rectangular). A unique feature of
this modeling approach is that KF is not applicable for such
systems (Also note that when D ¼ I the singular model
returns to the standard state space equation). On the basis of

this new model form, they developed a recursive filtering
algorithm for dynamic systems. However, one has to work
with a huge model and the derivation procedure seems rather
cumbersome.10 To compute effectively, Rollins and Devana-
than adopted the same model formulation and proposed a con-
strained least squares estimator that utilized measurements at
two consecutive time instants.11 They also addressed the sta-
tistical properties of the estimates. Ramamurthi et al. pre-
sented a successively linearized horizon-based estimation
(SLHE) approach for nonlinear dynamic data reconciliation
(NDDR).12 The SLHE approach was directly derived from a
least squares criterion constrained by the standard state space
equations. The expressions of SLHE were similar to KF when
process noise was not taken into account.

So far, little work has been carried out on GED strategies
for linear transient systems. Bagajewicz and Jiang presented
an integral approach for LDDR and a dynamic integral mea-
surement test (DIMT) for GED.13 However, it was hard to
obtain the standard deviation of estimates analytically in
their integral approach. Thus the sampled standard deviation
was used in DIMT. Rollins et al. developed a dynamic
global test (DGT) to detect measurement biases in general-
ized linear dynamic systems.14 Their method also could
identify the types of a biased measurement (e.g., flow or
level) but without the location of the measurement bias.
They suggested that the steady-state GED techniques could
be introduced and adapted to a singular system.

In this article, we propose a reduced least squares framework
to integrate information from both measurements and models
for generalized linear dynamic systems. We use simple mathe-
matical tools, which have been developed in LSSDR, to con-
struct the new framework and to analyze its statistical proper-
ties. On the basis of the new framework, we present a new deri-
vation of Darouach’s closed-form filtering formulas and extend
the GLR method from a state space model to a singular model.
The results of this study also help to reveal the links between
LSSDR, LDDR, and KF from a systematic view. These rela-
tionships are explained in detail in the discussion.

Model

Consider a process network which is composed of n nodes
and v streams. The material balance relationship in the pro-
cess network can be represented by the following differential
equations:

dw

dt
¼ Mf (1)

where f is a v � 1 vector of instantaneous flow rates, w is a n
� 1 vector of instantaneous inventory, M is a n � v incidence
matrix of full row rank.

By integrating Eq. 1 from time instant i to i þ 1 and
denoting

R iþ1

i fdt ¼ Q�
iþ1, we obtain the discrete equivalent

of the above equation:

Ziþ1

i

dw

dt
dt ¼ M

Ziþ1

i

fdt ) W�
iþ1 �W�

i ¼ MQ�
iþ1 (2)

where Q�
iþ1 is a v � 1 total mass flow vector over a time period

[i, i þ 1] and W�
i is a n � 1 inventory vector at time instant i.
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As only material conversation relationships are invoked, the
model uncertainty is not in question.

Then we cast Eq. 2 into a generalized dynamic model for-
mulation:

DXiþ1 ¼ BXi

Xi ¼
W�

i

Q�
i

� �
; D ¼ I..

.�M

� �
; B ¼ I..

.
0

� �
(3)

where Xi is a (n þ v) � 1 vector of the true values of unknown
variables at time instant i, I is a n � n identity matrix, D is a n
� (n þ v) incidence matrix of full row rank, and B is a n � (n
þ v) incidence matrix of full row rank.

Assume that all process variables are measured. We obtain
the measurement model:

Zi ¼ Xi þ ei

Zi ¼ Wi

Qi

� �
; ei ¼ wi

qi

� �
(4)

where Zi is a (n þ v) � 1 vector of measured values of
unknown variables at time instant i, Wi is a n � 1 vector of
inventory measurements, Qi is a v � 1 vector of total mass
flow measurements, ei is a (n þ v) � 1 vector of measurement
errors at time instant i, wi is a n � 1 vector of inventory
measurement errors at time instant i and qi is a v � 1 vector of
flow measurement errors at time instant i.

Here we assume measurement errors are independent in
time and normally distributed with zero mean. Thus the sta-
tistical properties of ei can be given by

ei � N 0;Vð Þ (5)

Cov ei; ej
� � ¼ 0 i 6¼ j

V ¼ Vw 0

0 Vq

� �
(6)

where V is a (n þ v) � (n � v) known covariance matrix of
measurement errors, Vw is a n � n known covariance matrix of
inventory measurement errors and Vq is a v � v known
covariance matrix of flow measurement errors.

Handling unmeasured process variables

In practice, a situation where all the states are measured is
quite rare. Some of them are not measured and must be esti-
mated. In this situation, we decouple the unmeasured varia-
bles from measured ones using variable classification. We
can obtain a redundant system whose measurement equations
can be described as Eq. 4.

The redundant part of the dynamic system can be written
in the following equation:

BR

dwR

dt
¼ ARfR (7)

Its discrete counterpart is as follow:

BRWiþ1 � ARQiþ1 ¼ BRWi (8)

We can use Eq. 3 with D ¼ [BR � AR], B ¼ [BR,0] to
model the redundant system.

The unmeasured but observable variables can be calcu-
lated using the reconciled values. We refer readers to Baga-
jewicz’s work13 for detail explanation about variable classifi-
cation for LDDR.

Classical Least Squares Framework

Suppose that we have collected all measurements in the
time horizon [1,c]. We aim to estimate the true vector Xc at
the current time instant c (i.e., the filtering problem). Tradi-
tionally, this problem can be formulated as the following
LSSDR problem:

min
e1;e2;e3…ec

1

2

Xc
i¼1

eTi V
�1ei

s:t:

B �D 0 � � � 0

0 B �D 0 � � 0

� � � � � � �
0 � � � 0 B �D

2
6664

3
7775

X1

X2

..

.

Xc

2
66664

3
77775 ¼ 0

Z1

Z2

..

.

Zc

2
66664

3
77775 ¼

X1

X2

..

.

Xc

2
66664

3
77775 þ

e1
e2

..

.

ec

2
66664

3
77775

(9)

The procedure is showed in Figure 1.
From this classical framework, if we want to estimate pro-

cess variables at the current time instant, we have to use all
information from the initial time to the current time. Thus
the dimensions of the least-squares optimization problem
will increase with the number of sampling periods. It seems
not practical in the application.

Simplified Least Squares Framework

Here we propose a simplified least squares formulation to
represent the filtering problem in generalized linear dynamic
systems.

min
eiþ1;fi

1
2
eTiþ1V

�1eiþ1 þ 1
2
fTi R

�1
i=i fi

s:t: DXiþ1 ¼ BXi

Ziþ1 ¼ Xiþ1 þ eiþ1

X̂i=i ¼ Xi þ fi

(10)

where X̂i=i is a (n þ v) � 1 vector of estimates at time instant i
given measurements up to the time instant i, Ri/i is a (n þ v) �

Figure 1. Using the CLSF to obtain the estimates.
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(n þ v) covariance matrix of the estimates vector X̂i=i, fi is a
(n þ v) � 1 vector of the estimate residuals at time instant i.
Note that fi is normally distributed with an expected value of
zero and the covariance matrix Ri/i.

This procedure is showed in Figure 2.
From this figure, we can see that this new formulation

reduces the computational effort considerably because it
requires only the information at the current and the preced-
ing time instants. Furthermore, in Appendix A, we will use
the sequential processing method15,16 to prove that the sim-
plified formulation is equivalent to the classical framework
in the view of filtering.

Moreover, according to the new framework, we can find
that the filter estimates (i.e., X̂iþ1=iþ1) are correlated with the
measurements at time instant i þ 1 (i.e., Ziþ1), the estimates
at the preceding time instant i (i.e., X̂i=i), and the model
structure at time instant i þ 1 (i.e., DXiþ1 ¼ BXi). By inte-
grating the above information, we construct a residual for-
mula DZiþ1 � BXi/i. Its statistical properties can reflect
abnormal changes in the measurements at time instant i þ 1.
This is the foundation of an approach for measurement bias
detection and identification in generalized dynamic systems.

Derivation of recursion formulas for filtering

We use the Lagrange multipliers method to solve the opti-
mization problem Eq. 10. The estimates can be represented
in the following equation:

X̂iþ1=iþ1 ¼ Ziþ1 þ VDTXiþ1 BX̂i=i � DZiþ1

� �
(11)

where Xiþ1 ¼ ðBRi=iB
T þ DVDTÞ�1

.
Assume that we have already known the covariance ma-

trix Ri/i. We apply the propagation rules of the covariance
and obtain the following equation:

Riþ1=iþ1 ¼ V � VDTXiþ1DV (12)

Equations 11 and 12 constitute the recursive formulas for
LDDR. Given that the initial estimate vector X̂1=1(e.g., Z1)
and its covariance matrix R1/1 (e.g., V), we can estimate the
process variables at every time instant in a recursive way.
These formulas agree with the Darouach’s algorithm.9 But
our derivation is more intuitive and direct.

Statistical properties of residuals

Here we define a n � 1 residual vector ri by the following
equation:

ri ¼ DZi � BX̂i�1=i�1 (13)

The statistical properties of the residual vector can be
described as follows.

Suppose that we want to estimate the expected value of ri.
We can compute it as follows:

E ri½ � ¼ E DZi � BX̂i�1=i�1

� �
¼ DE Zi½ � � BE X̂i�1=i�1

� �
¼ DXi � BXi�1 ¼ 0

(14)

Next we consider the variance matrix of ri:

Var ri½ � ¼ Cov ri; rið Þ
¼ Cov DZi � BX̂i�1=i�1;DZi � BX̂i�1=i�1

� �
¼ DCov Zi;Zið Þ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

V

DT � DCov Zi; X̂i�1=i�1

� �|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
0

BT

� BCov X̂i�1=i�1; Zi
� �|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

0

DT þ BCov X̂i�1=i�1; X̂i�1=i�1

� �|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Ri�1=i�1

BT

¼ DVDT þ BRi�1=i�1B
T

(15)

Another important property is that

Cov ri; rj
� � ¼ 0 i 6¼ j (16)

Equation 16 indicates that the residual at time instant i is
uncorrelated with the residual at time instant j. The proof of
Eq. 16 can be seen in Appendix B.

A GED strategy for singular systems

On the basis of the residual vector ri and its statistical
properties, we extend the GLR method1,17 for measurement
bias identification in generalized linear dynamic systems.
Note that ri is different from the innovation defined in KF,
which constitutes the basis for the original GLR method. In
our work, the residual vector ri is closely related to the
simplified least squares framework (SLSF) and its filtering
formulas.

Consider a case that a bias of an unknown magnitude b
occurs in measurement m at time instant k and its magnitude
remains constant for all subsequent times. We modify Eq. 4
to model for a measurement bias of this type:

Zi ¼ Xi þ ei þ bfm (17)

where fm is a (n þ v) � 1 vector in which the mth component is
one and other components are all zeros. The unit vector fm
denotes the location of the biased measurement.

When a measurement bias occurs, its effects on the resid-
ual ri can be described as follows:

ri ¼ r1i þ r2i (18)

r2i ¼ bGi;mfm (19)

where r1i is a residual vector obtained when no measurement
bias occurs at time instant i, r2i denotes the effects of the bias m

Figure 2. Using the SLSF to obtain the estimates.
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at time instant i. Formulas for computing the signature matrix
Gi,m can be seen in Appendix C. Note that the signature matrix
Gi,m is an extension of that defined in Narasimhan’s work.1,17

It can be used for both generalized linear dynamic models and
the standard state space models.

From Appendix C, we see that Gi,m depends only on the
system matrix D, B and r2i is a nonrandom vector. Thus we
can infer that Eqs. 15 and 16 remain true no matter a mea-
surement bias occurs or not. The expected value of ri,
namely, Eq. 14, deviates from zeros when a measurement
bias occurs.

Now we formulate the hypothesis for measurement bias
detection:

H0 : E ri½ � ¼ 0

H1 : E ri½ � ¼ r2i ¼ bGi;m fm 6¼ 0
(20)

Then we use the global test (GT) statistic to test the above
hypothesis (i.e., to find whether a gross error occurs at time
instant i):

w1 ¼ rTi Var
�1
i ri (21)

where Vari is the covariance matrix of the residual ri at time
instant i and w1 is a test statistic which follows a v

2 distribution
with degrees of freedom to n.

Moreover, in linear dynamic systems, it is reasonable to
take into account the historical data in some way. Thus as
an alternative way, we can use the cumulative global test
(CGT) statistic for bias detection:

w2 ¼
Xi¼kþN�1

i¼k

rTi Var
�1
i ri (22)

where N is the length of a time window. Here w2 follows a v
2

distribution with degrees of freedom to Nn. It is because that
the residual ri follows the normal distribution and is
uncorrelated with each other. For a given level of significance
a, we choose a test criterion v2Nn;1�a. We declare a
measurement bias if w2 exceeds the criterion.

Next we use the GLR method to estimate the location and
the magnitude of the measurement bias. For simplicity, we
reduce the GLR method to the following equations:

bm ¼ dm=cm

Tm ¼ d2m=cm
(23)

dm ¼ f Tm
Xi¼kþN�1

i¼k

GT
i;mVar

�1
i ri

cm ¼ f Tm
Xi¼kþN�1

i¼k

GT
i;mVar

�1
i Gi;m

 !
fm

(24)

Note that statistical properties of ri are the prerequisite of
the above equations.

If a measurement bias has been detected, we calculate Tm
for every measurement. We consider the measurement corre-
sponding to the maximum value of Tm as biased. We can
also estimate the magnitude of the bias by computing bm.

Discussion

An optimization view of the new framework

When constraints are state space equations (i.e., D ¼ I),
the classical least squares framework (CLSF) and the SLSF
can be regarded as special linear forms of the moving-hori-
zon-based least-squares estimation (MHE),18 which may be
the most widely used approach for NDDR. The CLSF is a
complete information formulation and the SLSF is a moving
horizon estimator with horizon size of one. Under the MHE
framework, Rao et al. showed that the above two optimiza-
tion models were equivalent in filtering.19 They analyzed the
relationship using forward dynamic programming technique.

Here we consider the same relationship in another way. In
Appendix A, we use the sequential processing method to cal-
culate the filtering results of the CLSF and obtain the SLSF,
which is an intermediate result from the CLSF. The equiva-
lency between the CLSF and the SLSF is due to the fact that
the equation X̂k�1=k�1 ¼ Xk�1 þ fk�1 can fully summarize
past information. From the derivation procedure, we can see
that the emergence of the equation depends solely on the se-
quential properties of the linear equality constrained least
squares solution and the structure of the filtering problem
formulation. Moreover, we have shown that the equivalency
of the two optimization models is not limited to the standard
space equations constraints. It can be extended to a more
general case.

A statistical view of the new framework

Here we want to explain the optimality of the SLSF solu-
tion from the viewpoint of statistics (i.e., why we choose
such a deterministic optimization problem formulation for
the linear filtering problem). An elegant and widely used
approach for filtering problem is the stochastic formulation,
which generates the famous KF. Note that X̂k=k in KF is the
linear unbiased minimum variance estimator. It minimizes
the stochastic loss function E½ðx� x̂ÞTðx� x̂Þ� and can be
represented in the form of conditional mean x̂ ¼ E½xjy�.

However, we have noticed that there also has been well-
defined statistical interpretation of the state estimates gener-
ated by the SLSF. Given D ¼ I in our case, several research-
ers have noticed that the solution of the SLSF is equivalent
to KF.16,17,20 Furthermore, the reason why the SLSF can
also provide the ‘‘most probable’’ estimates can be explained
in terms of the maximum a posteriori (MAP) estimate under
the Bayesian framework.21,22 Note that the MAP estimator
requires the priori knowledge about the unknown state varia-
bles (i.e., the probability destiny function p(xkþ1|y1:k)), which
is similar to the priori estimate x̂kþ1=k defined in KF.

When matrix D is singular, we find difficulty in directly
choosing an appropriate statistical criterion (e.g., the MAP
criterion), which leads to the SLSF, for determining the
‘‘best’’ estimates. Note that the key difference between a sin-
gular model and a standard state space model is that the ma-
trix D is singular. This singular matrix fundamentally
changes an important property of a state space model: it can-
not be used to predict the future. That is to say, assume that
we have known the current state estimate x̂k=k we can obtain
a priori estimate x̂kþ1=k through the state space equations
x̂kþ1=k ¼ Ax̂k=k. But we cannot do the same thing by a
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singular model. This deficiency of a singular model hinders
the MAP criterion and Bayesian interpretation.

However, as we have proved that the SLSF is an interme-
diate outcome of the batch least squares formulation, we can
still explain the optimality of the estimates from the CLSF.
The statistical interpretation for CLSF is obvious. For linear
systems (i.e., regardless of a steady state model or a dynamic
model) with uncorrelated Gaussian noise (i.e., the assump-
tion made previously), the CLSF corresponds to the maxi-
mum likelihood estimator (MLE).

Interpretation of LSSDR from the viewpoint of filtering

Now let us consider the LSSDR problem. In a steady-state
system, the state vector in the current time instant has no
relationship with that in the past time. That is to say, the
matrix B in the dynamic model keeps zero at every time
instant. Therefore, without changing any assumption of the
SLSF, we can obtain the basic results of LSSDR from the
new framework:

Estimates:

X̂i=i ¼ Zi � VDT DVDT
� ��1

DZi (25)

Variance matrix of estimates:

Ri=i ¼ V � VDT DVDT
� ��1

DV (26)

Residuals:

ri ¼ DZi (27)

Variance matrix of residuals:

Var ri½ � ¼ DVDT (28)

Framework under process noise and rederivation of KF

In the preceding section, we have not taken model uncer-
tainty into consideration. Now we consider process noise in
our new framework. We assume the process model and the
measurement model have the following structure:

DXkþ1 ¼ BXk þ wkþ1 (29)

Zkþ1 ¼ Xkþ1 þ vkþ1 (30)

where Xkþ1 is a n � 1 state vector, Zkþ1 is a n � 1
measurement vector, wkþ1 is a n � 1 process noise vector, and
vkþ1 is a n � 1 measurement noise vector.

Here we assume that the measurement and process noise
are zero-mean, normally distributed, mutually uncorrelated

white noise sequences. The statistical properties of wkþ1 and
vkþ1 can be represented by the following equations:

Cov wk;wkð Þ ¼ R

Cov vk; vkð Þ ¼ Q

Cov wk;wj

� � ¼ Cov vk;vj
� � ¼ 0 k 6¼ j

Cov wk; vj
� � ¼ 0

(31)

If we treat the process noise as an additional state vector,
we can rewrite Eqs. 29 and 30 as follows:

DXkþ1 ¼ BXk � Skþ1 (32)

Zkþ1 ¼ Xkþ1 þ vkþ1 (33)

0 ¼ Skþ1 þ wkþ1 (34)

The above equations also can take the following form
when we use an augmented state vector:

D0 X0
kþ1 ¼ B0 X0

k (35)

Z0
kþ1 ¼ X0

kþ1 þ e0kþ1 (36)

where

X0
kþ1 ¼

Xkþ1

Skþ1

� �
;D0 ¼ ½D : I�;B0 ¼ ½B...0�;Z0

kþ1 ¼
Zkþ1

0

� �
;

e0kþ1 ¼
vkþ1

wkþ1

� �

Note that Eq. 35 can be regarded as a process model without
model uncertainty. Meanwhile, according to the assumption
represented by Eq. 31, new measurement noise ekþ1 is inde-
pendent in time and normally distributed with zero mean.
Thus the CLSF and the SLSF can be adopted for filtering in
the system described by Eqs. 35 and 36. Now consider the fil-
tering problem in the dynamic systems which can be repre-
sented by the state space equations. We have two optimal esti-
mation techniques to deal with the problem. One is the famous
KF. The other is the SLSF with D0 ¼ [I,I], B0 ¼ [A,0]. The
next problem is to examine whether they are consistent with
each other. In Appendix D, we will rederive KF from the
SLSF with generalized linear dynamic models constraints.

Simulation study

Comparative study of two DDR formulations

The objective of the present experiment is to compare the
filtering accuracy and computational time between the sim-
plified problem formulation and the classical problem formu-
lation. The simplified problem formulation has the closed-
form solutions represented by Eqs. 11 and 12. The classical
problem formulation is directly solved by numerical optimi-
zation algorithms.

Figure 3 shows the material network used in the experiment.
Measurement data were generated from true values in addition
of normally distributed noises with zero mean. The variances
of measurement data were taken from Daraouch’s work.9

Figure 4 shows the true, measured, and two types of esti-
mated values of inventories W1 and W4 of nodes U1 and

Figure 3. The process network.
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U4, respectively. As shown in Figure 4, the filtering accu-
racy of two DDR formulations is almost same at any time
instant. This result confirms the theoretical analysis that the
simplified DDR formulation is equivalent to the classical for-
mulation in the view of filtering.

The experiment was carried out for 60 time instants. The
CPU time of each approach at a single time instant ti (i ¼
1…60) was recorded. We define the maximum processing
time at a single time instant Tm and the average processing
time Tav in the following equations:

Tm ¼ maxðtiÞ (37)

Tav ¼
Pn
i¼1

ti

n
(38)

We found Tm ¼ 2.218 s and Tav ¼ 0.6632 s for the CLSF
whereas Tm ¼ 0.016 s and Tav ¼ 0.0003 s for the SLSF. As
expected, the SLSF is computationally more efficient than
the CLSF.

Performance study of the bias detection methods

The objective of this experiment is to provide fundamental
information about GT and CGT, thus to help us to choose
one as the bias detection method in generalized linear
dynamic systems. The process network shown in Figure 3 is
used in this experiment. GT and CGT are calculated by Eqs.
21 and 22. The measurement variances are set to 1. The sig-
nificance level a is set equal to 0.05 for both the test crite-
rion. GT and CGT are compared in three scenarios: no mea-
surement bias, only one flow measurement bias and only one
inventory measurement bias.

Case 1: No measurement bias

Figures 5 and 6 show the values of GT and CGT when no
measurement bias occurs, respectively. From Figure 6, it is
observed that CGT does not reject the null hypothesis at any
time instant. This is because the test criterion of CGT
increases with time as the degree of freedom increases. This
comparison study suggests that CGT is less apt to commit
type I error than GT.

Case 2: One flow measurement bias

Here the flow measurement of stream S6 becomes biased
from time instant 20 to time instant 60. As shown in Figures
7 and 8, GT and CGT both reject the null hypothesis from
time 20 to 60. When the flow measurement returns to nor-
mal, GT no longer declares a measurement bias whereas
CGT remains above the test criterion. It is because that CGT
is an accumulation quantity. It uses all the measurement data
in a time window to judge whether a bias appears or not at
the current time instant. That is to say, most probably, if
CGT has detected a bias at a time instant in the past, it may
give an alarm until the current time even the bias has disap-
peared. It seems that CGT has a ‘‘memory’’ of past bias in-
formation thus has a delay time before accepting the null hy-
pothesis. We should manually reset the CGT statistic to zero
when we recalibrate the biased sensors. Compared with GT
statistic, CGT seems a one-time GED strategy (i.e., it can be
used to detect biases only once). However, in the practice,

Figure 4. Filtering results of the SLSF and the CLSF.

Figure 5. GT statistic (no measurement bias).

Figure 6. CGT statistic (no measurement bias).
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we are often confronted with the following scenario: at first,
all the sensors are under normal conditions. Then some
biases occur at a time instant and a GED strategy provides
an alarm. Then staff members recalibrate the biased instru-
ment according to the information provided by GED. Under
such a case, the key point of a GED strategy is its ability to
detect biases rather than its postprocessing technology (i.e.,
it can return to normal when all the biases has disappeared).
Thus in the current work, we did not pay much attention to
the recovery ability of a GED strategy.

Case 3: One inventory measurement bias

In this experiment, the inventory measurement of node U1
was set biased from time instant 20. Figure 9 shows that GT
only declares a bias at time instant 20 and 21; Afterward GT
remains below the test criterion. This performance is totally
different from that depicted in Figure 7. In this experiment,
the distinction seems to be possible because an inventory
bias’ effects on the residuals can be rapidly canceled out
over consecutive time instants. Note that it does not mean an
inventory bias’ effects on the estimates can disappear with
an increase of time. The analysis is as follows.

According to the system model Eq. 3, we expand the re-
sidual formula Eq. 13 and obtain the following equation:

ri ¼ Wi �MQi �Wi�1 þ VwXiri�1 (39)

Assume that an inventory measurement bias occurs at
time instant k with a magnitude b. Thus we can directly
obtain the following equation:

E½Wi� ¼ W�
i þ bf 0m i � k (40)

E½rk� ¼ bf 0m (41)

where f 0m is a n � 1 vector in which the m(m � n) th
component is one and other components are all zeros.

Suppose that we want to estimate the expected value of
riþ1 We perform the integration of Eqs. 39 and 40 and
obtain the following equation:

E½riþ1� ¼ E½Wiþ1� �ME½Qiþ1� � E½Wi� þ VwXiþ1E½ri�
¼ W�

iþ1 þ bf 0m �MQ�
iþ1 �W�

i � bf 0m|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
0

þ VwXiþ1E½ri�

¼ VwXiþ1E½ri�

(42)

Daraouch9 proves that Xi converges to a constant matrix
X. Thus we rewrite Eq. 42 as follows:

E½riþ1� ¼ VwXE½ri� (43)

Then we can obtain the following equation:

E½riþ1� ¼ ðVwXÞi�kþ1bf 0m i � k (44)

Through calculation, we find that (VwX)
i�kþ1 rapidly

decreases to 0 and thus E[ri] converges to 0 with an increase
in time. Therefore, in this experiment, as shown in Figure 9,
GT only rejects the null hypothesis at few time instants and
returns to normal rapidly although the inventory bias still
exists. In contrast, as shown in Figure 10, CGT remains
above the test criterion for a period since its memory of past
information.

In summary, these three case studies indicate that CGT
performs relatively better than GT as CGT exploits temporal
redundancy of dynamic systems. Thus we choose CGT as
the bias detection method for generalized linear dynamic
systems. As shown in Figures 8 and 10, once a bias occurs,
its abnormal effects can be exhibited by CGT for a period of
time. To exploit this characteristic of CGT, we declare a
measurement bias only if CGT rejects null hypothesis at two
or three consecutive time instants. This empirical scheme
may further lower the probability of type I error when a has
been fixed.

Performance study of the CGT-GLR approach

The objective of the present experiment is to demonstrate
the effects of the CGT-GLR approach and to investigate
how a bias’ characteristics influence the performance of this

Figure 7. GT statistic (flow measurement bias).

Figure 8. CGT statistic (flow measurement bias).
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approach. The experiment scheme is similar to that described
by Rollins.14

The process network shown in Figure 3 is used in this
study. This network consists of four inventory measurements
and eight flow measurements. In a simulation run, only one
measurement becomes biased. The magnitude, the location,
and the true occurrence time of a bias (TTOC) are assigned
in advance and remain unchanged during a simulation run.
The magnitude of a measurement bias is chosen arbitrarily
through the following inequality17:

lðxi þ eiÞ � ki � uðxi þ eiÞ (45)

where l is a lower fraction and u is an upper fraction, xi is the
true value of the ith process variable and ki is the magnitude of
the bias of the ith variable. Here let l ¼ 0.1, u ¼ 0.5 and xi be
the true value of the ith variable at the initial time. The bias’
location is chosen from the 12 measurements. The measure-
ment bias is generated at any time instant.

As a bias detection and identification procedure is sto-
chastic in nature, performance of an identification approach
should be evaluated through a suitably large number of
simulation trials. In this study, one simulation run consists
of 1000 simulation trials. Each trial consists of a new set
of stochastic measurement data. These data are generated
under the same conditions (i.e., same characteristics of the
bias). In each trail, the CGT-GLR approach is performed in
the following procedure. The cumulative GT is applied at
every sampling period until it rejects the null hypothesis at
several consecutive time instants (e.g., from time instant k
to time instant k þ 3). This time instant k is labeled as the
estimated time of occurrence of a bias (ETOC). Then GLR
method is used to identify the location and estimate the
magnitude of the measurement bias. The CGT-GLR method
in each simulation trial finally provide the following
results: whether a measurement bias is presented or not; if
a measurement bias exist, what its location, magnitude, and
the occurrence time are.

When one simulation run is over, five measures are used
to evaluate the performance of the CGT-GLR approach.

(1) The overall power (OP) is a measure for correct iden-
tification of a biased variable. It is defined as follows:

OP ¼ number of bias correctly identified

number of bias simulated
(46)

(2) The average type I error (AVTI) is a measure for false
identification of a biased variable. It is defined as follows:

AVTI ¼ number of bias wrongly identified

number of simulation trialsmade
(47)

(3) Selectivity (SELE) is a measure for the probability of
correct identification of a biased variable when a bias is
detected. It is defined as follows:

SELE ¼ number of bias correctly identified

number of bias declared
(48)

(4) The standard error of the average difference (STDD)
is a measure for correct estimation of the occurrence time of
a bias. It is defined as follows:

Figure 10. CGT statistic (inventory measurement bias).Figure 9. GT statistic (inventory measurement bias).

Table 1. Effect of Flow Measurement Bias Location
(TTOC 5 10)

Magnitude Location OP AVTI SELE STDD AEE

6 1 0.995 0.005 0.995 1.7099 0.0759
6 2 0.998 0.002 0.998 1.6657 0.0795
6 3 0.997 0.003 0.997 1.4882 0.0736
6 4 0.996 0.004 0.996 1.4434 0.0722
6 5 0.995 0.005 0.995 1.6787 0.0695
6 6 0.999 0.001 0.999 1.5117 0.0743
6 7 0.996 0.004 0.996 1.5305 0.0731
6 8 0.999 0.001 0.999 1.8861 0.082
10 1 1 0 1 1.1992 0.0533
10 2 0.999 0.001 0.999 1.246 0.0556
10 3 1 0 1 1.1992 0.0544
10 4 1 0 1 1.1393 0.0534
10 5 1 0 1 1.1832 0.0509
10 6 1 0 1 1.2087 0.0538
10 7 1 0 1 1.3255 0.0575
10 8 1 0 1 1.1358 0.0527
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STDD ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPp
i¼1

ðETOCi � TTOCÞ2

p

vuuut
(49)

where p is the number of trials in which a bias is correctly
identified.
(5) The average error of estimation (AEE) is a measure

for accuracy of estimation of the bias magnitude. It is
defined as follows:

AEE ¼ 1

p

Xp
i¼1

estimated value� actual value

actual value

				
				 (50)

In this study, parameters in the CGT-GLR method remain
constant. The level of significance a used in CGT is chosen
equal to 0.05 and the value of N used in GLR is set equal to
10.

The effect of the bias location is investigated in Tables 1
and 2. As shown in Tables 1 and 2, the location does not
cause a significant difference in flow measurements or inven-
tory measurements, respectively. However, it is observed
that the measures OP and SELE in Table 2 are less than
those in Table 1. It may be due to the fact that an inventory
bias’ effects on the residuals can be canceled out with an
increase of time, which is explained in the preceding section.
Thus CGT-GLR does not have enough information for
detecting and identifying an inventory measurement bias.
These results suggest that an inventory measurement bias is
more difficult to be correctly identified than a flow measure-
ment bias.

The effect of the magnitude of a bias is shown in Table 3.
It is observed that measures OP and SELE increases with an
increase of the magnitude. These results are obtained as
expected because it is known that a bias which has a large
magnitude is easily detected and correctly identified. Spe-
cially, due to its ‘‘disappearing effects,’’ an inventory mea-

surement bias which has a small magnitude may be ignored
by CGT-GLR.

Table 4 shows that the measures OP and SELE decrease
whereas STDD increases with an increase of TTOC. These
results may be explained by the accumulation property of
CGT. An increase of TTOC indicates that more normal
residuals, which do not contain the effects of the bias, are
used for computing CGT. If a bias is small and occurs late,
its abnormal effects occupy only a small proportion of the
accumulation amount. Thus the test statistic may not be sen-
sitive to the measurement bias. We hope this disadvantage
can be improved in the future work.

Conclusion

In this article, we have rigorously established a SLSF for
LDDR in generalized linear dynamic systems. Besides natu-
rally generating recursive filtering formulas, the new frame-
work also gives rise to dynamic GED strategies. The SLSF is
an extension of KF-based LDDR technique from state space
models to singular systems. It also includes traditional LSSDR
as the static limit case. We hope that the new framework can
build a bridge between LDDR and LSSDR, and help to under-
stand KF from a new perspective. We also hope that the new
framework can provide a foundation for the research of simul-
taneous multiple gross errors detection and identification in
linear dynamic systems in the future work.
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Appendix A: Equivalence Between the Filtering
Results of CLSF and SLSF

Sequential processing of the linear data
reconciliation solution

Consider the CLSF (Eq. 9). We rewrite this framework in
a compact form:

min
d

1
2
dTwd

s:t: /X̂ ¼ 0

Z ¼ X̂ þ d
(A1)

X̂ ¼

X̂1

X̂2

..

.

X̂c

2
66664

3
77775; d ¼

d1
d2

..

.

dc

2
66664

3
77775;

/ ¼

B �D 0 : : : 0

0 B �D 0 : : 0

: : : : : : :

0 : : : 0 B �D

2
6664

3
7775 ¼

/1

/2

..

.

/c

2
66664

3
77775; Z ¼

Z1

Z2

..

.

Zc

2
66664

3
77775

w ¼

V�1 0 � � � 0

0 V�1 � � � 0

� � � � � � � � � � � �
0 0 � � � V�1

2
6664

3
7775

where X̂ is a vector of estimates from time instant 1 to c, Z is a
vector of measurements from time instant 1 to c, d is a vector
of measurement errors from time instant 1 to c, / is a
constraint matrix which can be divided into c submatrices
/1,/2,…/c and w is a weight matrix of measurement errors.
According to the sequential processing method proposed

by Romagnoli,15,16 the overall constrained least squares
problem (A1) can be equivalently replaced by the following
c subproblems.
Problem 1.

min
dð1Þ

1

2
dð1ÞTwð1Þdð1Þ

s:t: /1X̂
ð1Þ ¼ 0

Zð1Þ ¼ X̂ð1Þ þ dð1Þ

(A2)

where w(1) ¼ w, Z(1) ¼ Z, d(1) ¼ d, and E[d(1)] ¼ 0.
Solve this preceding problem. We obtain the estimates

X̂ð1Þ and its covariance matrix R(1).
Problem 2.
In the second problem, the adjustments involve in it are

not only the original measurements but also some of the new
estimates from the previous stage. This problem can be for-
mulated as follows:

min
dð2Þ

1

2
dð2ÞTwð2Þdð2Þ

s:t: /2X̂
ð2Þ ¼ 0

Zð2Þ ¼ X̂ð2Þ þ dð2Þ

(A3)

where wð2Þ ¼ ðRð1ÞÞ�1
, Zð2Þ ¼ X̂ð1Þ, and E[d(2)] ¼ 0.

The rest problems’ formulation (problem 3 to problem c-1) can
be deduced by analogy. Finally, we arrive at the last problem.
Problem c

min
dðcÞ

1

2
dðcÞTwðcÞdðcÞ

s:t: /cX̂
ðcÞ ¼ 0

ZðcÞ ¼ X̂ðcÞ þ dðcÞ

(A4)

where wðcÞ ¼ ðRðc�1ÞÞ�1
, ZðcÞ ¼ X̂ðc�1Þ and E[d(c)] ¼ 0.

Note that the estimate vector X̂ðcÞ is equal to X̂, which is
the result of the overall problem (A1).

Derive the SLSF in the view of filtering

Here our aim is to obtain the estimate X̂c on the basis of
Z1, Z2, Z3,……Zc�1, Zc. From Problem 1 to Problem c-1, we
have:

X̂ðkÞ
c ¼ Zc; k ¼ 1; 2…c� 1 (A5)

where X̂
ðkÞ
c is the cth element of X̂ðkÞ.
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The reason is that the corresponding part of X̂
ðiÞ
c in the

incidence matrix (i.e., /i(1 � i � c21)) remains zero.
Namely, model constraints in the past time instants do not
provide any redundant information for estimating process
variables at the current time instant c.
The Problem c (A4) can be formulated in detail as fol-

lows:

min
dc b

1

2
dTc V

�1dc þ 1

2
bTW�1b

s:t: BXc�1 � DXc ¼ 0

X̂1=c�1

X̂2=c�1

..

.

X̂c�1=c�1

Zc

2
66666664

3
77777775
¼

X1

X2

..

.

Xc�1

Xc

2
66666664

3
77777775
þ

d̂1
d̂2

..

.

d̂c�1

dc

2
66666664

3
77777775

(A6)

b ¼
d̂1
d̂2
..
.

d̂c�1

2
6664

3
7775;W ¼

R11 … R1ðc�1Þ
… … …

Rðc�1Þ1 … Rðc�1Þðc�1Þ

2
4

3
5; X̂i=c�1

is identical to X̂
ðc�1Þ
i :

Note that Rij is the (i, j) block of dimensions (nþ v) � (n
þ v), which represents the covariance matrix of the vectors
X̂i=c�1 and X̂j=c�1.
The solution of problem (A6) is obtained by means of the

Lagrange multipliers method. The formulation is as follows:

L ¼ 1

2
dTc V

�1dc þ 1

2
bTW�1b� kTðBXc�1 � DXcÞ

@L

@Xc
¼ V�1dc þ DTk ¼ 0

@L
@X1

@L
@X2

…
@L

@Xc�1

2
66664

3
77775 ¼ W�1

d̂1
d̂2
…

d̂c�1

2
6664

3
7775 ¼

0

0

…

BTk

2
6664

3
7775)

d̂1
d̂2
…

d̂c�1

2
6664

3
7775

¼

R1ðc�1ÞBTk

R2ðc�1ÞBTk

…

Rðc�1Þðc�1ÞBTk

2
6664

3
7775

@L

@kT
¼ BXc�1 � DXc ¼ 0 ðA7Þ

We only consider the estimates vector Xc and Xc�1. From
Eq. A7, we extract the following equations to obtain these
two vectors:

V�1dc þ DTk ¼ 0

R�1
ðc�1Þðc�1Þd̂c�1 � BTk ¼ 0

BXc�1 � DXc ¼ 0

Zc ¼ Xc þ dc

X̂c�1=c�1 ¼ Xc�1 þ d̂c�1

(A8)

We can also derive Eq. A8 from the following optimiza-
tion formulation:

min
dc;d̂c�1

1

2
dTc V

�1dc þ 1

2
d̂Tc�1R

�1
ðc�1Þðc�1Þd̂c�1

s:t: DXc ¼ BXc�1

Zc ¼ Xc þ dc

X̂c�1=c�1 ¼ Xc�1 þ d̂c�1

(A9)

Eq. A9 is the SLSF defined by Eq. 10. Thus our con-
clusion is that Eq. 9 is equivalent to Eq. 10 in the view
of filtering.

Appendix B: The Residuals at Different Time
Instants are Uncorrelated

Problem statement

Given the following equations:

X̂i=i ¼ Zi þ VDTXiðBX̂i�1=i�1 � DZiÞ (B1)

Xi ¼ ðBRi�1=i�1B
T þ DVDTÞ�1

(B2)

Ri=i ¼ V � VDTXiDV (B3)

ri ¼ DZi � BX̂i�1=i�1 (B4)

Var½ri� ¼ Covðri; riÞ
¼ DVDT þ BRi�1=i�1B

T

¼ X�1
i

(B5)

where Eqs. B1–B3 constitute the filtering formulas, Eq. B4
is the definition of the residual vector, Eq. B5 is the variance
matrix of residual.
We want to prove the following equation:

Covðri;rjÞ ¼ 0 i 6¼ j (P1)

An equivalent problem of P1 can be stated as follows:
given an residual sequence [r1 r2 r3……ri riþ1] the following
i equations are true:

Covðriþ1; rkÞ ¼ 0 8k; 1 � k � i (P2)

Preparation

For preparation, we obtain the following recursive formu-
las through substituting Eq. B1 into Eq. B4:

riþ1 ¼ DZiþ1 � BX̂i=i

¼ DZiþ1 � B½Zi � VDTXi ðDZi � BX̂i�1=i�1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
ri

�

¼ DZiþ1 � BZi þ BVDTXiri

(B6)

Then we rewrite Eq. B1 as follows:

X̂i=i ¼ ðI � VDTXiDÞZi þ VDTXiBX̂i�1=i�1 (B7)
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Next we want to prove the following three lemmas:
Lemma 1.

CovðX̂k=k;ZkÞ ¼ Rk=k

Proof:

CovðX̂k=k; ZkÞ
¼ CovððI � VDTXkDÞZk þ VDTXkBX̂k�1=k�1;ZkÞ
¼ ðI � VDTXkDÞCovðZk;ZkÞ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

v

þVDTXkBCovðX̂k�1=k�1;ZkÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
0

¼ V � VDTXkDV|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
Eq:B3

¼ Rk=k n

Lemma 2.

CovðX̂k=k;DZk � BZk�1Þ ¼ 0

Proof:

CovðX̂k=k; DZk � BZk�1Þ
¼ CovððI � VDTXkDÞZk þ VDTXkBX̂k�1=k�1;DZk � BZk�1Þ
¼ ðI � VDTXkDÞCovðZk;ZkÞ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

v

DT � ðI � VDTXkDÞ

� CovðZk;Zk�1Þ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
0

BT þ VDTXkBCovðX̂k�1=k�1;ZkÞ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
0

DT

� VDTXkBCovðX̂k�1=k�1;Zk�1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Rk�1=k�1:from lemma1

BT

¼ ðI � VDTXkDÞVDT � VDTXkBRk�1=k�1B
T

¼ VDTðI � XkDVD
T � XkBRk�1=k�1B

TÞ
¼ VDTXk ðX�1

k � DVDT � BRk�1=k�1B
TÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Eq:B5

¼ 0 n

Lemma 3.

CovðX̂i=i;DZk � BZk�1Þ ¼ 0 1\k � i� 1

Proof:

CovðX̂kþ1=kþ1;DZk � BZk�1Þ
¼ CovððI � VDTXkþ1DÞZkþ1 þ VDTXkþ1BX̂k=k;DZk

� BZk�1Þ ¼ ðI � VDTXkþ1DÞCovðZkþ1;ZkÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
0

DT

� ðI � VDTXkþ1DÞCovðZkþ1;Zk�1Þ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
0

BT

þ VDTXkþ1BCovðX̂k=k;DZk � BZk�1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
0:fromLemma2

¼ 0

Then from CovðX̂kþ1=kþ1;DZk � BZk�1Þ ¼ 0, we can
obtain the following equation by the same manners:

CovðX̂kþ2=kþ2;DZk � BZk�1Þ ¼ 0

From CovðX̂kþ2=kþ2;DZk � BZk�1Þ ¼ 0, we can also get
the following equation:

CovðX̂kþ3=kþ3;DZk � BZk�1Þ ¼ 0

Through this recursive manner, we can finally obtain the
target equation:

CovðX̂i=i;DZk � BZk�1Þ ¼ 0 n

Proof of the proposition P2

Here we use mathematical induction to validate the propo-
sition P2.
(1) The basis:

Covðriþ1; rkÞ ¼ 0 k ¼ i (P3)

Proof:

Covðriþ1; riÞ ¼ CovðDZiþ1 � BZi þ BVDTXiri; riÞ
¼ CovðDZiþ1 � BZi;DZi � BX̂i�1=i�1|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

ri

Þ

þ BVDTXi Covðri; riÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
X�1

i

¼ DCovðZiþ1; ZiÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
0

DT

� DCovðZiþ1; X̂i�1=i�1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
0

BT � BCovðZi; ZiÞ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
V

DT

þ BCovðZi; X̂i�1=i�1Þ|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
0

BT þ BVDTXiX
�1
i

¼ �BVDT þ BVDT ¼ 0 n

(2) The inductive step:

If Covðriþ1; rkÞ ¼ 0; then Covðriþ1; rk�1Þ ¼ 0; k � i� 1

(P4)

Proof:

From Eq. B6, we can obtain the equation:

rk ¼ DZk � BZk�1 þ BVDTXk�1rk�1 (B8)

Eq. B8 equivalently becomes:

Covðriþ1; rkÞ|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
0: from assumption

¼ Covðriþ1;DZk � BZk�1 þ BVDTXk�1rk�1Þ

(B9)
We expand the right-hand side of Eq. B9:

Covðriþ1;DZk � BZk�1þBVDTXk�1rk�1Þ
¼ Covðriþ1;DZk � BZk�1Þ þ Covðriþ1;BVD

TXk�1rk�1Þ
¼ CovðDZiþ1�BX̂i=i;DZk�BZk�1ÞþCovðriþ1;rk�1ÞXk�1DVB

T

¼ �BCovðX̂i=i;DZk � BZk�1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
0: fromLemma3

þCovðriþ1; rk�1ÞXk�1DVB
T

¼ 0

AIChE Journal July 2010 Vol. 56, No. 7 Published on behalf of the AIChE DOI 10.1002/aic 1799



Finally we obtain the equation:

Covðriþ1; rk�1ÞXk�1DVB
T ¼ 0 (B10)

Since Xk�1,V are invertible matrices and D,B are matrices
of full row rank specified in Eq. 3 or 8, Xk�1DVB

T is an in-
vertible matrix. Thus from Eq. B10, we can obtain the fol-
lowing equation:

Covðriþ1; rk�1Þ ¼ 0 (B11)

n

Appendix C: Recursion Formulas for Computing
the Signature Matrix

According to the procedure described by Narasimhan,1 we
will compute the matrix Gi,m.
Now we divide the measurements, the estimates and the

residuals into two parts, respectively:

Zi ¼ Z1
i þ Z2

i

X̂i=i ¼ X̂1
i=i þ X̂2

i=i

ri ¼ r1i þ r2i

(C1)

where Z1
i ; X̂

1
i=i; r

1
i are free of measurement biases and

Z2
i ; X̂

2
i=i; r

2
i lie on the effects of a measurement bias. The sep-

aration can be done since the system models and the esti-
mates are linear.
Next we define Z2

i ; X̂
2
i=i; r

2
i by using the following equations:

Z2
i ¼ bfm

X̂2
i=i ¼ bJi;mfm

r2i ¼ bGi;mfm

(C2)

On substituting Eq. C1 into Eq. 11, we obtain the follow-
ing equation:

X̂1
i=i þ X̂2

i=i ¼ Z1
i þ Z2

i þ VDTXifBðX̂1
i�1=i�1

þ X̂2
i�1=i�1Þ � DðZ1

i þ Z2
i Þg ) X̂2

i=i ¼ Z2
i

þ VDTXiðBX̂2
i�1=i�1 � DZ2

i Þ ðC3Þ

Through integrating Eq. C2 into Eq. C3, we have the fol-
lowing equations:

bJi;mfm ¼ bfm þ VDTXiðBbJi�1;mfm � DbfmÞ
) Ji;m ¼ I þ VDTXiðBJi�1;m � DÞ (C4)

By analogous, we integrate Eq. 10, Eqs. C1 and C2:

r2i ¼ DZ2
i � BX̂2

i�1=i�1

) Gi;m ¼ D� BJi�1;m

(C5)

Eqs. C4 and C5 constitute the recursion formulas for com-
puting Gi,m.

Appendix D: Rederivation of KF from the New
DDR Framework

Here we want to obtain KF when the measurement matrix
is identity.
We directly use Eqs. 10, 11 and extract the recursive for-

mulas for state estimate x̂kþ1=kþ1 (note that the definition of
Rkþ1/k, Kk, x̂kþ1=k in KF):

x̂kþ1=kþ1 ¼ ykþ1 þ QðARk=kA
T þ Rþ QÞ�1ðAx̂k=k � ykþ1Þ

¼ Q ðARk=kA
T þ R|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Rkþ1=k

þQÞ�1 Ax̂k=k|ffl{zffl}
x̂kþ1=k

þ ðI � QðARk=kA
T þ Rþ QÞ�1Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl} ykþ1

Kk

¼ ðI � KkÞx̂kþ1=k þ Kkykþ1

¼ x̂kþ1=k þ Kkðykþ1 � x̂kþ1=kÞ
(D1)

Rkþ1=kþ1 ¼ Q� Q ðARk=kA
T þ R|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

Rkþ1=k

þQÞ�1Q ¼ ðR�1
kþ1=k þ Q�1Þ�1

¼ ðI � Rkþ1=kðRkþ1=k þ QÞ�1|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Kk

ÞRkþ1=k

¼ ðI � KkÞRkþ1=k

(D2)
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